We give a simple, direct proof of a theorem involving partitions into distinct parts, where multiples of 7 come in two colours.
Let us illustrate the theorem in the case N = 10. We have S = {1, 2, 3, 4, 5, 6, 7, 7, 8, 9, 10, 11, 12, 13, 14, 14, 15, · · · } and 21 = 21 = 17 + 3 + 1 = 15 + 5 + 1 = 13 + 7 + 1 = 13 + 7 + 1 = 13 + 5 + 3 = 11 + 9 + 1 = 11 + 7 + 3 = 11 + 7 + 3 = 9 + 7 + 5 = 9 + 7 + 5, 20 = 18 + 2 = 16 + 4 = 14 + 6 = 14 + 6 = 14 + 4 + 2 = 14 + 4 + 2 = 12 + 8 = 12 + 6 + 2 = 10 + 8 + 2 = 10 + 6 + 4 = 8 + 6 + 4 + 2.
The object of this note is to give a straight-forward q-series proof of this theorem. The theorem is equivalent to the q-series result
where O denotes the odd part of the series.
Remark:
The referee has pointed out that (1) is equivalent to
(1 + q 2n )(1 + q 14n ) (2) and that (2) is not new. It is due to Guetzlaff [2] , and usually appears as a modular equation of degree 7 in the form ( [1] , p. 314]) (αβ)
Proof of Theorem 1: We start by noting that
It follows that
and
We now show that
If we replace q by q 8 and multiply by q 16 (4) becomes
In order to prove (5) we consider the four cases m − n ≡ 1, 3, 5, 7 (mod 8).
If m − n ≡ 1 (mod 8), write m − n = −8s + 1, r = −s + n. Then n = r + s, m = r − 7s + 1 and
If m − n ≡ 3 (mod 8), write m − n = 8s + 3, r = −s − n. Then n = −r − s, m = −r + 7s + 3 and
If m − n ≡ 5 mod 8), write m − n = −8s − 3, r = −s + n. Then n = r + s, m = r − 7s − 3 and
If m − n ≡ 7 (mod 8), write m − n = 8s − 1, r = −s − n. Then n = −r − s, m = −r + 7s − 1 and
This completes the proof of (5), which yields (4); (4) taken together with (3) yields
(1 + q 2n−1 )(1 + q 14n−7 ) = q (q 4 ; q 4 ) ∞ (q 28 ; q 28 ) ∞ (1 + q 2n )(1 + q 14n ), which is (1).
